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Outline

•Why we are here: strong-field physics 
using lasers is a growing field of 
research. 


•A large number of laser facilities makes 
new experimental regimes available. 


•Need numerical tools for many strong-
field applications.


•However, numerical tools are built on 
analytical results and experimental 
input.


-The numerical tools we develop are 
never better than the analytical 
input.


-Out understanding of the outcome 
of complex numerical efforts relies 
on our analytical interpretations. 


-Benchmarking numerical results. 


•Will therefore focus on the analytical 
basis for the numerical 
implementations. 


•  Open questions for future research.


•Literature (non-exhaustive):
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Laboratory plasmas in strong fields
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Laboratory plasmas in strong fields
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Evolution of intensity and duration
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Processes in plasma formation
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Plasmas in strong fields

Daido et al., Rep. Prog. Phys. 75, 056401 (2012)

How do we capture all of the 
physics, contained in such 
interactions, via a computational 
scheme? 

M. Marklund

Levy et al., arXiv:1609.00389 (2016)



Micro- and macroscopic physics

Particle simulation of plasmas
John M. Dawson
Department ofPhysics, University of California, Los Angeles, California tt0024

For plasma with a large number of degrees of freedom, particle simulation using high-speed computers can
offer insights and information that supplement those gained by traditional experimental and theoretical ap-
proaches. The techmque follows the motion of a large assembly of charged particles in their se1f-consistent
electric and magnetic fields. %'ith proper diagnostics, these numerical experiments reveal such details as
distribution functions, linear and nonlinear behavior, stochastic and transport phenomena, and approach to
steady state. Such information can both guide and verify theoretical modeling of the physical processes
underlying complex phenomena. It can also be used in the interpretation of experiments.
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I. INTRODUCTION

Traditionally the investigation of the behavior of com-
plex physical systems has been carried out through the
application of two well-tested techniques, namely, the ex-
perimental techniques in which one disturbs the system in
some controlled manner and observes its behavior, and
the theoretical approach in which one uses analytical
mathematical techniques to determine the behavior con-
sistent with well-estab!ished physical!aws. In the case of
large-scale physical phenomena, one must often substitute
observations of naturally occurring behavior for well-
controlled experiments. The great advances in physics
have come through the combined application of these two
approaches. One asks questions of nature through experi-
rnents whose results test and extend our theoretical
knowledge. Notwithstanding the great power and
successes of this approach, there are a large number of
physical problems for which experiments are difficult or
impossible, and the simultaneous interaction of a large
number of degrees of freedom makes analytic theoretical
treatments impractical. Often, however, we believe we
understand what the fundamental laws that govern the
system are, but we are simply unable to work out their
consequences. Most of the rich variety of natural phe-
nomena that occur all around us are of this type. At the
other extreme, we may not be sure of the physical laws.
However, we may have proposed ones which we are un'-
able to test because of the complexity of the theory (de-
tailed evolution of cosmology, for example). Recently, a
powerful new method for both types of investigation has
become possible through the advent of modern high-speed
computers. This is the method of computer simulation or
computer modeling.

For computer simulation one constructs a numerical
model of the system or theory which one wishes to inves-
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”Proper treatment of systems where both the microscopic 
and macroscopic behavior are important will undoubtedly 
challenge simulation physicists for many years to come”

Not only multi-scale, but also different treatment of 
physical quantities (e.g. EM fields vs. photons), 
collective effect and discrete events etc.



Plasma descriptions

Single-particle dynamics: no backreaction, only 
particle motion in external fields. 


Kinetic descriptions: distribution function in phase 
space describing ensemble of particles, either in 
external fields or self-consistent.


Fluid models: moments of the distribution function 
with closure assumptions.


Hybrid schemes: treating plasma as a mixture of 
kinetic and fluid components. 


For some applications, such as ICF, strong coupling 
effects need to be accounted for (DFT and TDDFT).


Particle-in-cell schemes belong to the kinetic 
category. Impose a grid structure.

Electric field
(Ex, Ey, Ez)

Magnetic 
field

Particle
(mass, charge, x, y, z, vx, 



Numerical challenges

M. Marklund

• take into account classical RR

• chose model for classical RR

• avoid double-counting by LF and RR 

• take into account quantum RR

• combine classical and quantum RR

• avoid double-counting by classical and 
quantum RR

• control infra-red cutoff

• resolve time-scales

• take into account pair production

• control computational demands

• account for EM-field depletion
• account for multi-photon processes 
• … 

e-



Synchrotron emission and radiation reaction

• In the strong acceleration regime, 
electrons emit large number of 
high energy photons (in high-Z 
targets, bremsstrahlung is a major 
contributor for moderate 
intensities).


• Typical frequency: 


• Making inclusion of synchrotron 
emission via direct solving of 
Maxwell’s equations impossible in 
PIC scheme. Cannot achieve good 
enough grid resolution. 

• Luckily the power spectra helps 
us. 

Simple runtime high energy photon emission for ultra relativistic laser-plasma

interaction in a PIC-code

Erik Wallin,1 Arkady Gonoskov,2 and Mattias Marklund2

1Department of Physics, Ume̊a University, SE–901 87 Ume̊a, Sweden⇤

2Department of Applied Physics, Chalmers University of Technology, SE–412 96 Göteborg, Sweden

We model the emission of high energy photons due to relativistic particles in a plasma interacting
with a super-intense laser. This is done in a particle-in-cell code where the high frequency radiation
normally cannot be resolved, due to the unattainable demands it would place on the time and space
resolution. A simple expression for the synchrotron radiation spectra is used together with a Monte-
Carlo method for the emittance. We extend to previous work by accounting acceleration due to
arbitrary fields, considering the particles to be in instantaneous circular motion due to an e↵ective
magnetic field. Furthermore we implement noise reduction techniques and present estimations of
the validity of the method. Finally we perform a rigorous comparison to the mechanism of radiation
reaction, with the emitted energy very well in agreement with the radiation reaction loss.

I. INTRODUCTION

The evolution of laser systems has prompted an evolu-
tion in the modeling of laser-matter interactions, in par-
ticular ultra-intense laser-matter interactions. To a large
extent, such system have up to now behaved in a classi-
cal manner (with a few exceptions [1–3]), and they have
been successfully modelled using so called particle-in-cell
(PIC) schemes [4, 5]. However, with planned upgrades
of current laser systems, as well as new large-scale fa-
cilities [6–8], there is a need to push the modeling of
laser-matter systems even further. It is expected that
semi-classical and/or quantum electrodynamical (QED)
e↵ects could have a significant e↵ect on the interaction
between ultra-intense lasers and matter targets. Merg-
ing these semi-classical or QED e↵ects with the classical
codes presents a significant challenge, in particular since
(a) the classical and the quantum systems have di↵er-
ent mathematical setups, and (b) there are still scarce
experimental data to compare with. Thus, great care
has to be taken when modeling, e.g., the quantum ver-
sion of radiation reaction [9]. However, before the onset
of fully quantum behavior for these systems, there are
regimes where we can have significant emission of radia-
tion in terms of high frequency photons. Such emissions
can be interesting in their own right, but also constitutes
a testbed for e�cient computational models.

The traditional PIC scheme has been well suited for
the simulation of lasers interacting with a plasma. The
future high power laser regime will however have the ca-
pacity of producing ultra-relativistic particles radiating
with frequencies untenable to resolve on the PIC grid.

With the particles seen to be in instantaneous circu-
lar motion with the frequency !H they will emit high
frequency synchrotron radiation with a typical frequency
!c = 3

2!H�3 [10, 11]. The typical frequency !c is thus

⇤
Also at: Department of Applied Physics, Chalmers University of

Technology, SE–412 96 Göteborg, Sweden

growing quickly for relativistic particles with a large �-
factor. This occurs as the radiation reaction force on the
particles begin to be of importance, and the energy loss
of the particles due to this could be seen as an account
of the radiated energy leaking into the unresolvable part
of the spectrum.
Here we present a simple runtime algorithm for emit-

ting high frequency radiation in the form of particles. We
extend on previous work [12] by considering the particles
to be in instantaneous circular motion due to an e↵ective
magnetic field, thus accounting for acceleration from ar-
bitrary fields. This gives a simple and computationally
scalable method for emitting highly energetic photons in
a PIC simulation.

II. METHODOLOGY OF FIELD DESCRIPTION

The traditional PIC approach treats a plasma as an
ensemble of charged particles moving in an electromag-
netic (EM) field defined on a grid. The radiation from
these particles is accounted for via current densities de-
fined on the grid. In such way, using the equations of
motion for the particles and Maxwell’s equations for the
EM-field, we can describe the energy circulation between
the particles and the EM-field in a self-consistent system.
This approach, however, only takes into account the

radiation that is resolved by the grid. Radiation with
frequency above !grid = c/�x, where �x is the distance
between grid points and c is the light velocity, cannot be
resolved by the grid as the wave length then is smaller
than the sampling distance.
With the rise of laser intensity, the particles reach

higher and higher energies. This will extend the spectral
range of synchrotron emission, whose typical frequency
scales as [10]

!c =
3eHe↵

2mc
�2, (1)

where e and m are electron charge and mass, � is the
electron’s gamma factor, c is the speed of light, and He↵

Introduction

e-

Effects:

• friction   I > 1023 W/cm2

• discontinuity I > 1024 W/cm2

• non-perturbative effects I > 1025 W/cm2

• Classical radiation reaction: I ~ 1022 W/cm2 
• Quantum radiation reaction: I ≥ 1023 W/cm2

M. Marklund
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A. Gonoskov et al., PRE 92 (2), 023305 (2015)
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Double counting?



A. Gonoskov et al., PRE 92 (2), 023305 (2015)
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Interaction between laser and near-critical target



• Assuming photons emitted along 
direction of propagation: 


• Same as ultra-relativistic limit of 
the Landau-Lifshitz expression. 


• Postprocessing: cannot be 
executed in real time, no 
feedback.


• On-the-fly: neglect interference 
between time-steps. Only a small 
error in regime where radiation 
reaction important.

Synchrotron emission

• In the strong acceleration regime, 
electrons emit large number of 
high energy photons (in high-Z 
targets, bremsstrahlung is a major 
contributor for moderate 
intensities).


• Typical frequency: 


• Making inclusion of synchrotron 
emission via direct solving of 
Maxwell’s equations impossible in 
PIC scheme. Cannot achieve good 
enough grid resolution. 


• Luckily the power spectra helps 
us.

8

this. The frequency is a function of � so what do I learn
from this equation?

� =
2

3

~!s

mc2�
(5)

(the factor 2/3 can be attributed to the definition of the
typical photon energy). Thus, the values � ⌧ 1 corre-
spond to the classical case, whereas � & 1 indicates that
quantum corrections are essential.

As one can see from the above-mentioned expressions,
on the other hand the parameter � represents a measure
of transverse acceleration:

� = �
He↵

ES
, (6)

where ES = m2c3/e~ ' 1018 V/m is the Sauter-
Schwinger limit. The second simple meaning of � is ratio
of the e�cient magnetic field to ES in the rest frame of
the particle.

Note that the classical expression for the total intensity
of emission can be given via � parameter:

Icl =
2

3

e2m2c3

~2 �2. (7)

Assuming that the photons are emitted against the direc-
tion of propagation, we can determine the average force
originated from recoils due to emission of photons:

fclRR = �2

3

e2m2c

~2 �2v. (8)

As one can see this expression coincides with the dom-
inant (for ultra-relativistic case) term in the expression
for the radiation reaction force in the Landau-Lifshitz
form [7].

D. Discreteness of radiation losses

The obvious e↵ect of quantum nature is quantization of
emission and consequent discreteness of radiation losses.
This can be described via formalism of chaotically hap-
pening instant acts of photon emission, each of those
leads to the electron experience a recoil. We can define
typical time interval between acts of photon emission as
the ration of the typical photon energy ~!t to the total
radiation intensity I:

⌧t =
~!t

I
, (9)

and characterize the discreteness by the dimensionless
parameter

⇠ = 2⇡
⌧t
Tt

, (10)

where Tt is the typical time scale of the problem of our
interest. If ⌧t is small enough as compared with the time

scale of the problem (⇠ ⌧ 1), one can expect that dis-
creteness of radiation losses can be smoothed and fairly
well described by continuous force of radiation reaction.
In fact, as it is well known (but perhaps is counterin-
tuitive), the interval between photon emission is large
(⇠ � 1) for non-relativistic problem of an electron rota-
tion in a constant magnetic field B:

⇠ = 2⇡
~c
e2

3

2!B

⇣ c

v

⌘2 !B

2⇡
⇡ 200

c2

v2
, (11)

where v is the electron’s velocity and !B is the frequency
of rotation associated with both typical photon energy
(~!B) and typical time scale (2⇡/!B). Nevertheless the
e↵ect of discreteness can hardly a↵ect the classical re-
sults because the energy of photons is much less than the
electron’s energy (� ⌧ 1).
Using classical expressions for synchrotron emission,

we can demonstrate that in ultra-relativistic case with
increase of � the ⇠ parameter decreases:

⇠cl = 2⇡
~c
e2

9

4

mc

eB

!B

2⇡
⇡ 300��1. (12)

In the context of high intensity lasers-matter interac-
tion we can use laser period TL as a typical time scale,
and consider laser amplitude as a typical e↵ective mag-
netic field:

⌧t = 2⇡
~c
e2

9

4

mc

eH
⇡ ~c

e2
9

4

TL

2⇡
a�1 ⇡ 300TLa

�1, (13)

⇠cl ⇡ 300a�1. (14)

For the case of � � 1 we can use approximate expres-
sion for intensity of emission in quantum regime [44]:

Iq ⇡ 0.37
e2m2c3

~2 �2/3, (15)

and consider mc2�/2 as a typical photon energy:

⌧t ⇡ ⇡

0.37

~2
e2mc

���2/3. (16)

Assuming � ⇡ a, we can obtain

⇠q ⇡ 200

✓
�

�C
a

◆�1/3

(17)

where �C = 2⇡~/mc is the Compton wavelength, and �
is the laser wavelength.
Assuming � ⇡ a, we can estimate the � parameter in

the context of laser-matter interaction problems:

� ⇡ a�
!L~
mc2

⇡ a2
�C

�
. (18)

As we can see, in terms of quantum corrections to the
classical description, with increase of laser intensity we
have a competition of two counteracting e↵ects: the time
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emission and consequent discreteness of radiation losses.
This can be described via formalism of chaotically hap-
pening instant acts of photon emission, each of those
leads to the electron experience a recoil. We can define
typical time interval between acts of photon emission as
the ration of the typical photon energy ~!t to the total
radiation intensity I:

⌧t =
~!t

I
, (9)

and characterize the discreteness by the dimensionless
parameter

⇠ = 2⇡
⌧t

Tt
, (10)

where Tt is the typical time scale of the problem of our
interest. If ⌧t is small enough as compared with the time

scale of the problem (⇠ ⌧ 1), one can expect that dis-
creteness of radiation losses can be smoothed and fairly
well described by continuous force of radiation reaction.
In fact, as it is well known (but perhaps is counterin-
tuitive), the interval between photon emission is large
(⇠ � 1) for non-relativistic problem of an electron rota-
tion in a constant magnetic field B:

⇠ = 2⇡
~c
e2

3

2!B

⇣ c

v

⌘2 !B

2⇡
⇡ 200

c2

v2
, (11)

where v is the electron’s velocity and !B is the frequency
of rotation associated with both typical photon energy
(~!B) and typical time scale (2⇡/!B). Nevertheless the
e↵ect of discreteness can hardly a↵ect the classical re-
sults because the energy of photons is much less than the
electron’s energy (� ⌧ 1).
Using classical expressions for synchrotron emission,

we can demonstrate that in ultra-relativistic case with
increase of � the ⇠ parameter decreases:

⇠cl = 2⇡
~c
e2

9

4

mc

eB

!B

2⇡
⇡ 300��1. (12)

In the context of high intensity lasers-matter interac-
tion we can use laser period TL as a typical time scale,
and consider laser amplitude as a typical e↵ective mag-
netic field:

⌧t = 2⇡
~c
e2

9

4

mc

eH
⇡ ~c

e2

9

4

TL

2⇡
a�1 ⇡ 300TLa

�1, (13)

⇠cl ⇡ 300a�1. (14)

For the case of � � 1 we can use approximate expres-
sion for intensity of emission in quantum regime [44]:

Iq ⇡ 0.37
e2m2c3

~2
�2/3, (15)

and consider mc2�/2 as a typical photon energy:

⌧t ⇡ ⇡

0.37

~2

e2mc
���2/3. (16)

Assuming � ⇡ a, we can obtain

⇠q ⇡ 200

✓
�

�C
a

◆�1/3

(17)

where �C = 2⇡~/mc is the Compton wavelength, and �
is the laser wavelength.
Assuming � ⇡ a, we can estimate the � parameter in

the context of laser-matter interaction problems:

� ⇡ a�
!L~
mc2

⇡ a2�C

�
. (18)

As we can see, in terms of quantum corrections to the
classical description, with increase of laser intensity we
have a competition of two counteracting e↵ects: the time

!c =
3eHe↵

2mc
�2,



Radiation reaction

• Extensive literature (not updated!) on this topic, as well as many different 
implementations, see, e.g., 


Di Piazza, Lett. Math. Phys. 83, 305 (2008) 

Bell & Kirk, PRL 101, 200403 (2008) 

Di Piazza et al., PRL 105, 20403 (2010)

Bulanov et al., PoP 17, 063102 (2010)

Sokolov et al., PoP 18, 093109 (2011)  
Thomas et al., PRX 2, 041004 (2012) 

Di Piazza et al., RMP 84, 1177 (2012) 

Schlegel & Tikhonchuk, NJP 14, 073034 
(2012)

Chen et al., PRSTAB 16, 030701 (2013) 

Mackenroth et al., PPCF 55, 124018 
(2013)


Ilderton & Torgrimsson, PRD 88, 025021 
(2013)

Ridgers et al., J. Comp. Phys. 260, 273 
(2014)

Yoffe et al., NJP 17, 053025 (2015) 

Tamburini et al., PRE 89, 021201 (2014) 

etc…
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Radiation reaction/friction

• Classical radiation reaction described using Lorentz-Abraham-Dirac (LAD) 
theory 


• or the perturbative expansion (lacking runaways etc.) due to Landau & Lifshitz 
(LL)


• Works in classical regime when 


• QED regime when

mu̇µ = eFµ⌫u⌫ � 2

3

e2

4⇡
(uµü⌫ � u⌫ üµ)

u̇µ =
e

m
Fµ⌫u⌫ +

2

3

e2

4⇡

⇢
e

m2
Ḟµ⌫u⌫ +

e2

m3
Fµ↵F ⌫

↵ u⌫ � e2

m3
u↵F

↵⌫F �
⌫ u� u

µ

�

� ⌘
e~

p
(Fµ⌫u⌫)2

m2c4
⌧ 1, =) ~a0�! ⌧ mc

� ⇠ 1

(a0 = eE/!mc)

Burton & Noble, Contemporary Phys. 55, 110 (2014); Di Piazza et al., RMP 84, 1177 (2012) 

u̇µ =
e

m
Fµ⌫u⌫ +

d2P

dt d��

!

!

!

!
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!

!
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2

+

!

!

!

!

!

!

!

!

!

!

2

⊗

!

!

!

!

!

!

!

!

!

!

2

+ · · ·
p0,−

k1,−

p1,−

p0,−

k1,−

p1,−

p1,−

k2,−

p2,−

M. Marklund



Radiation reaction: which model?

• There are a number of classical models in the literature (see also Vranic et al., 
Comp. Phys. Comm. 204, 141 (2016)).

Classical Equations

Most classical equations have the form

x

µ
f

µ⌫
x⌫

2

3

e

2

4⇡m
Rµ⌫x

⌫

Lorentz force f eF

ext

m

Radiation Reaction Rµ⌫

Abraham Lorentz Dirac (LAD) xx xx

Landau Lifshitz (LL)
f f

2
x x x f

2
x

Eliezer Ford O’Connell (EFO) d
d⌧ fx x x

d
d⌧ fx

Mo and Papas (MP)
fx x x fx

Herrera (H)
f

2
x x x f

2
x

Sokolov (S) q mx

Turn to QED. Take classical limit.

Classical Equations

Most classical equations have the form
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4⇡m
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m

Radiation Reaction Rµ⌫

Abraham Lorentz Dirac (LAD) xx xx

Landau Lifshitz (LL)
f f

2
x x x f

2
x

Eliezer Ford O’Connell (EFO) d
d⌧ fx x x

d
d⌧ fx

Mo and Papas (MP)
fx x x fx

Herrera (H)
f

2
x x x f

2
x

Sokolov (S) q mx

Turn to QED. Take classical limit.
A. Ilderton & G. Torgrimsson, PRD and PRB (2013)
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Radiation reaction: which model?

• There are a number of classical models in the literature (see also Vranic et al., 
Comp. Phys. Comm. 204, 141 (2016)).


• Start from QED, take the classical expansion to order  

A. Ilderton & G. Torgrimsson, PRD and PRB (2013)

Classical equations

Classically, to order e2: LAD = LL = EFO, MP = H, and S.
Need finite time QED results. AI & Torgrimsson, PRD 2013

Hamiltonian picture, lightfront quantisation . . .

Radiation Reaction O e

2 O e

4

Abraham Lorentz Dirac (LAD) X ?
Landau Lifshitz (LL) X ?

Eliezer Ford O’Connell (EFO) X ?

O e

4 : distinguish between LAD, LL and EFO.
Note: same order as pair creation enters. . .

Classical equations

Classically, to order e2: LAD = LL = EFO, MP = H, and S.
Need finite time QED results. AI & Torgrimsson, PRD 2013

Hamiltonian picture, lightfront quantisation . . .

Radiation Reaction O e

2 O e

4

Abraham Lorentz Dirac (LAD) X ?
Landau Lifshitz (LL) X ?

Eliezer Ford O’Connell (EFO) X ?

O e

4 : distinguish between LAD, LL and EFO.
Note: same order as pair creation enters. . .

To this order, we could (in principle) distinguish between LAD, LL, EFO

RR from QED

Time evolution of a one electron state:

 ; t T e

i
t

HF
e

RR from expectation value of electron momentum:

P

e
µ t  ; t P

e
µ  ; t

Krivitsky and Tsytovich (1991), Johnson and Hu PRD (2002), Higuchi and Martin PRD 2006,

Ilderton and Torgrimsson PRD (2013) and PLB (2013)

First diagrams contributing to radiation reaction:

Nonlinear Compton scattering, and one-loop self energy.
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Radiation reaction: short summary

• Accelerated charged particles emit radiation.


• Strong enough accelerating field: emitted 
radiation will give significant momentum kick to 
electron.


• Momentum kick: radiation reaction.*


• Classical regime: continuous emission, Landau-
Lifshitz description.


• Quantum regime: discrete, stochastic emission.


• Straggling‡: stochastic emission makes electron 
reach classically forbidden regions of laser pulse.

M. Marklund

}
*Di Piazza et al., Rev. Mod. Phys. 84, 1177 (2012)
‡Shen & White, Phys. Rev. Lett. 28, 455 (1972)
‡Blackburn et al., Phys. Rev. Lett. 112, 015001 (2014)

Intro Classical/quantum Quenching Observation Outro

Classical motion in strong fields

Accelerated particles radiate.

Must lose energy.

e�

e�

‘Radiation reaction’: just momentum conservation

Lorentz (1909), Abraham (1905), Dirac, Proc. Roy. Soc. London A 167 (1938) 148



Radiation reaction: electron distribution
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Green & Harvey, PRL 112, 164801 (2014)
Li, Hatsagortsyan, & Keitel, PRL 113, 044801 (2014)
Green & Harvey, Comp. Phys Comm. 192, 313 (2015)
Harvey, Ilderton, & King, Phys. Rev. A 91, 013822 (2015)
Harvey, Marklund & Wallin, Phys. Rev. A 93, 022112 (2016)

a0 ⇠ few 100
�0 ⇠ few 100
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Radiation reaction: radiation distribution

t (fs)

γ

−20 −10 0 10 20 30 40
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3

rate � per unit time,

d�

d��
=

↵mp
3⇡��e

✓
2+

x2

1 + x

◆
K2/3(�̃)

�
Z 1

�̃
dy K1/3(y)

�
, (5)

where K⌫ is the modified Bessel function, �� =

e
p

Fµ
⌫k0⌫/m2 for the emitted photon with momentum

k0µ, note that x = ��/(�e � ��), and �̃ = 2x/(3�e).
Although d�/d�� diverges at small �� , the total rate
of photon emission �, given by integrating (5) over all
�� 2 [0,�e], is finite. (This apparent softening of the
usual infra-red divergence in QED is explained in [33].)

In the QED simulations the electron is propagated
along a classical trajectory divided into discrete time
steps. After each step �t the code calls a statistical sub-
routine to calculate the probability of photon emission
and to correct the electron’s momentum. The routine
generates a uniform random number r 2 [0, 1] and, if the
condition r  ��t is satisfied, an emission is deemed
to occur (under the requirement ��t ⌧ 1). Note that
d�/d�� (and �) are time-dependent quantities, due to
the temporal variation of both the laser pulse and the
electron motion. If an emission event occurs, a second
uniform random number ⇣ 2 [0, 1] is generated and the
photon’s �� (and hence its frequency) is calculated as the
root of the sampling equation

⇣ = �(t)
�1

Z ��

0
d��

d�(t)

d��
. (6)

The photon momentum is then determined by �� to-
gether with the assumption that at high � the photon
is emitted in the direction of the electron’s motion, just
as in the classical method described above. Finally, the
momentum of the photon is subtracted from the momen-
tum of the electron, i.e. the electron is recoiled, imposing
the conservation law �e ! �e � �� [17]. The simula-
tion then proceeds by propagating the electron (via the
Lorentz equation) and the photon (on a linear trajectory)
to the next time step. In this way, multiple emissions
are described as sequential single photon emissions, as in
(5), occurring at discrete time intervals (for further in-
formation on the multi-photon calculation see Ref. [34]
and for discussions of double emissions Refs. [35, 36]).
This method has recently been tested against cases where
we can calculate the Compton spectra analytically and
found to perform extremely well [37].

Results:- We begin by considering an electron with
an initial �0 = 800 in a head on collision with a plane
wave laser of peak intensity a0 = 200, � = 0.8µm and
duration 30fs FWHM. The emission spectra, calculated
both classically and using the statistical QED routines,
are plotted in Fig. 3. It can be seen that, although for
these parameters there is little difference between the
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FIG. 3. Integrated frequency spectra (left panel) and angular
spectra (right panel) for the case of an electron with initial
�0 = 800 colliding with a laser of intensity a0 = 200, � =
0.8µm and duration 30fs. Blue line: classical. Red line: QED.
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FIG. 4. Density plot showing how the electron �-factor
changes with time (statistical distribution generated by
recording the paths of 500 QED electrons all with the same
initial condition �0 = 800). Parameters are a0 = 200,
� = 0.8µm and duration 30fs. The white line shows the �-
factor for a classical electron.

frequency spectra, the classical theory predicts a much
stronger signal at small angles than the QED theory.

To understand the reason for this discrepancy we must
consider how the electron energy changes with time. In
Fig. 4 we plot the �-factor of the classical electron (white
line). It can be seen that the particle rapidly loses en-
ergy as it approaches the pulse focus. This means that
the angular direction of the emitted radiation will be con-
tinuously changing as the ratio of the electron �-factor to
laser a0 changes with time (see Fig. 1). This broadening
of the angular range was first proposed in Ref. [38] as
a signature of classical RR effects. (We also note that
the rapid energy loss due to RR results in a natural re-
sistance to the high-energy high-intensity regime, and is
what prevents the use of lasers for distinguishing between
RR models, see e.g. [39].) Superimposed on the same
plot we also show how the electron �-factor changes in
the QED case. To generate this statistical density we ran
the code 500 times, using the same initial conditions for
each run. It can be seen clearly that the classical expres-

Harvey, Marklund & Wallin, Phys. Rev. A 93, 022112 
(2016)
Vranic, Martins, Vieira, Fonseca & Silva, PRL 113, 134801 
(2014)
Green & Harvey, PRL 112, 164801 (2014)
Neitz & Di Piazza, PRL 111, 054802 (2013)
Li, Hatsagortsyan & Keitel, PRL 113, 044801 (2014)
Harvey, Heinzl & Ilderton, PRA 79, 063407 (2009) 

a0 � �0a0 ⇠ �0a0 ⌧ �0

50

100

150

104 106 1080

0.5

1.0

ω (eV)

R
at

e 
(a

rb
. u

ni
ts

)
0.2 0.4 0.6 0.8

50

100

150

200

250

300

350

Rate (arb. units)

θ 
(d

eg
) 200

250

300

350

θ 
(d

eg
)

Classical
QED

4

−3 −2 −1 0 1 2 3−3

−2

−1

0

1

2

3

x (µm)

y 
(µ

m
)

499.2 499.4 499.6 499.8 500 500.2 500.40

20

40

60

80

100

Electron energy (MeV)

El
ec

tro
n 

co
un

t

z (µm)

x 
(µ

m
)

 

 

−15 −10 −5 0 5 10 15 20 25
−10

−5

0

5

10

0

50

100

150

200

250

FIG. 5. Details of the setup for a more realistic example.
Top left panel: We consider a bunch of 1000 electrons ran-
domly distributed in transverse space according to a Gaussian
distribution of 5µm FWHM. Top right panel: initial energy
distribution of the electron bunch. Bottom panel: plot show-
ing the laser intensity (colorscale shows a0) together with the
electron bunch in the z � x plane.

sions overestimate the energy loss of the particle. The
reason for this can be understood from the fact that the
QED electron only emits at discrete times, allowing it to
penetrate deeper into the laser pulse before it loses energy
from an emission, whereas the classical electron is radi-
ating and losing energy continuously[40] [24, 34]. This
means that, as the classical particle propagates through
the pulse, its energy is going to be correspondingly lower
than its QED counterpart. From Fig. 1 we can see that
this means that the classical emissions will be at a cor-
respondingly smaller angle than in the QED case. This
is why the QED emission spectrum dies off at a bigger
angle than the classical spectrum.

Realistic Example:- To show that these results still
hold in an actual experiment we consider a more re-
alistic setup. Instead of a plane wave field we model
our laser pulse as a 30fs duration paraxial beam, of
wavelength � = 0.8µm, peak a0 = 250 (equivalent to
2.64⇥ 10

23W/cm2), focussed to a waist radius of 2.5µm.
This is typical of what will be achievable at the ELI fa-
cility [5]. We model our electron source as a beam of par-
ticles initially following a Gaussian distribution in trans-
verse space of 5µm FWHM. The particle energies average
500MeV, with a FWHM of 0.7MeV, following the distri-
bution shown in the top right panel of Fig. 5.

The resulting emission spectra of the bunch of 1000
electrons are shown in Fig. 6. Even though we are now us-
ing realistic, non-ideal parameters, the difference in angu-
lar spectra between the classical and QED models is still
clearly evident. The classical theory predicts a strong
radiation signal over the range ✓ ⇠ 10�50

�, whereas the
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FIG. 6. Emission spectrum for the realistic case (a0 = 250)
described in Fig. 5. The centre panel shows the radiation
intensity as a function of frequency and angle. This panel is
split into two, the top half showing the emissions for the QED
simulation and the bottom half the classical. The right hand
panel shows the total angular rate summed over all frequencies
(both classical and QED for all angles), and the bottom panel
the total frequency rate summed over all angles. Red lines:
QED. Blue lines: classical.

QED theory predicts only minimal radiation at these an-
gles. At the same time the integrated frequency spectra
are still very similar for these values.

Discussion:- Our analysis shows a significant differ-
ence in the angular emission spectra predicted by the
classical and QED theories. The intensities we have cho-
sen are only slightly higher than the current state-of-the-
art, and well within the parameters expected at the new
generation of facilities, such as ELI. For the regimes we
have considered we find �e ⇠ 0.2� 0.25, indicating that
this is an effect which becomes important before the onset
of more explicit QED processes, such as pair production
and runaway cascading. The difference in angular spec-
tra won’t be visible for all sets of parameter values. One
needs a large a0 in order that RR effects are significant
and, additionally, one needs for the electrons to become
reflected roughly in the middle of the pulse. If one has
a0 � �0 then the electrons will be reflected very early and
thus spend a significant amount of time co-propagating
with the pulse – a regime in which the dynamics will be
wholly classical. Also, if one has �0 � a0 the the elec-
trons will not be reflected and the angular broadening
due to RR will be small. Nevertheless, there is a broad
range of parameters where a0 and � are of same order of
magnitude and the effect will be significant.

The angular narrowing we have predicted is impor-
tant for two reasons. Firstly, it provides a clear signal of
strong field QED effects, distinct from classical RR, at
parameters that will soon be obtainable. Secondly, it is
an effect which will have to be taken into consideration
when planning applications of Compton scattering with

M. Marklund



Quantum quenching 

M. Marklund

Half%Cycle% One%Cycle%

• Motion without emission     motion according to 
Lorentz force.

$

Direction of electron motion

Top panel shows electron (420 MeV) 
trajectories in a collision with a laser pulse 
(a0 = 200) for 1000 single electron QED 
simulations. Left panel is for a 1.4 fs pulse, 
right is for a 2.7 fs pulse. 

Lower panel shows energy loss when the 
electrons pass through the pulse. Clear signal 
of quantum behavior in such an ideal case. 
Purple curves show shows classical radiation
reaction.

Harvey et al., PRL 118, 105004 (2017)



• PIC schemes work with super particles 
where the charge to mass ratio is kept 
fixed for each species q/m. 

• This works because the acceleration 
due to the Lorentz force depends on q/
m.


• Not true for RR force. However 

Including classical radiation reaction in PIC codes

M. Vranic et al. Comput. Phys. Commun. 204, 141-151 (2016)
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Radiative trapping

A. Relativistic chaos (Bauer, Mulser, Steeb, PRL 75 (1995))


B. Relativistic reversal (Kaplan, Pokrovsky, PRL 95 (2005))


C. Normal radiative trapping (Kirk, Bell, Arka, PPCF 51 (2009))


D. Ponderomotive trapping (Lehmann, Spaschek, PRE 85 (2012))


E. Anomalous radiative trapping: electrons trapped at peak electric field. (A. 
Gonoskov et al., Phys. Rev. Lett. 113, 014801 (2014)).

Different trapping mechanisms and dynamics in strong fields:

M. Marklund



Anomalous radiative trapping

Electron density in e-dipole field 
Photons with energy > 3 GeV in cyan

Fedotov, Elkina, Gelfer, Narozhny & Ruhl, PRA 90, 053847 (2014)
Ji, Pukhov, Kostyukov, Shen & Akli, PRL 112, 145003 (2014) 

A. Relativistic chaos (Bauer, Mulser, Steeb, PRL 75 (1995))


B. Relativistic reversal (Kaplan, Pokrovsky, PRL 95 (2005))


C. Normal radiative trapping (Kirk, Bell, Arka, PPCF 51 (2009))


D. Ponderomotive trapping (Lehmann, Spaschek, PRE 85 (2012))


E. Anomalous radiative trapping: electrons trapped at peak standing wave electric field. (A. 
Gonoskov et al., Phys. Rev. Lett. 113, 014801 (2014)).
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Compton scattering & the Breit—Wheeler process

• Perfect testbed for single particle effects! Lots of interesting physics! (Bula et 
al., 1996; Bamber et al., Phys. Rev. D (1999)).

Burke et al., PRL 79, 1626 (1997)
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Nonlinear Compton scattering Multi-photon Breit-Wheeler scattering

M. Marklund

Reduced L&L is best for PIC

Landau & Lifshitz
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L&L captures physically relevant solutions of LAD equation*

*   H. Spohn, Europhys. Lett. 50, 287 - 292 (2000)
      A. Ilderton and G. Torgrimsson, Phys. Lett. B, 725, 481-486 (2013)

With radiation reaction

T. Grismayer | Satellite meeting EPS 2017 |



Multi-photon processes in intense fields

• Lowest order processes 

- Nonlinear Compton scattering


- Pair production


- Pair annihilation


- One photon absorption


• Related processes (see talk by F. Mackenroth) 

- Cascading (on-shell trident)


- Trident
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FIG. 3. Feynman diagrams for the two basic processes ne-
glected in the PIC approach: pair annihilation to one photon
(left) and single photon absorption (right). Time flows from
left to right.

1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.

2. One photon absorption

While the emission of photons from an electron in a
laser field is essential to include, the absorption of (non-
laser) photons by the electron can be neglected. The
reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.

D. Higher order processes

‘Higher order processes’ are those which are described
by diagrams containing more than one of the basic ver-
texes shown above, as dictated by the Feynman rules in
QED. There are subtleties in the PIC implementation
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FIG. 4. Pair production from a seed electron. The interme-
diate photon may be real or virtual.

of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]

1
It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.
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glected in the PIC approach: pair annihilation to one photon
(left) and single photon absorption (right). Time flows from
left to right.

1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.

2. One photon absorption

While the emission of photons from an electron in a
laser field is essential to include, the absorption of (non-
laser) photons by the electron can be neglected. The
reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.

D. Higher order processes

‘Higher order processes’ are those which are described
by diagrams containing more than one of the basic ver-
texes shown above, as dictated by the Feynman rules in
QED. There are subtleties in the PIC implementation
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FIG. 4. Pair production from a seed electron. The interme-
diate photon may be real or virtual.

of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]

1
It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.

Multi-photon emissions: in high intensity fields (a >> 1), 
multi-photon emission factorized into several single 
photon events. Captured via synchrotron models. 
For high energy electrons at low intensity (a ~ 1) 
significant low-frequency contribution from off-shell 
channels. (Seipt & Kämpfer, PRD 85, 1019701 (2012); 
Mackenroth & Di Piazza, PRL 110, 070402 (2013)). For 
double nonlinear Compton scattering, see King, Phys. 
Rev. A 91, 033415 (2015).
See also: Hu et al., PRL 105, 080401 (2010); 
Ilderton, PRL 106, 020404 (2011); 
King & Ruhl, PRD 88, 013005 (2013)
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Nonlinear Compton scattering and pair production

• Nonlinear Compton scattering: 

- No energy or intensity threshold for channel.


- Low energy limit: matches spectrum from classical particle with Lorentz force.


- Classical limit of electron recoil: radiation reaction.


• Stimulated pair production: 

- Threshold process: probability vanishes in low energy/classical limit.


- For highly relativistic intensities, the process of pair production takes very small energy from 
laser as compared to the acceleration of the produced pairs. 


- Thus, the number of pairs needs to be prolific before pair production takes significant energy 
from laser pulse. 
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Pair annihiliation and one photon absorption

• Pair annihilation to one photon: 

- Suppressed by infinite volume factor as compared to the crossing 
symmetry diagrams above.


- Energy-momentum conservation —> single four-momentum of 
photon. final phase space collapses to single point.


- Of importance for approach to equilibrium, or high density systems. 

• One photon absorption: 

- Suppressed as above.

5

�

e+

e� �

e�

e�

FIG. 3. Feynman diagrams for the two basic processes ne-
glected in the PIC approach: pair annihilation to one photon
(left) and single photon absorption (right). Time flows from
left to right.

1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.

2. One photon absorption

While the emission of photons from an electron in a
laser field is essential to include, the absorption of (non-
laser) photons by the electron can be neglected. The
reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.

D. Higher order processes

‘Higher order processes’ are those which are described
by diagrams containing more than one of the basic ver-
texes shown above, as dictated by the Feynman rules in
QED. There are subtleties in the PIC implementation
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FIG. 4. Pair production from a seed electron. The interme-
diate photon may be real or virtual.

of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]

1
It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.
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1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.

2. One photon absorption

While the emission of photons from an electron in a
laser field is essential to include, the absorption of (non-
laser) photons by the electron can be neglected. The
reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.

D. Higher order processes

‘Higher order processes’ are those which are described
by diagrams containing more than one of the basic ver-
texes shown above, as dictated by the Feynman rules in
QED. There are subtleties in the PIC implementation
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FIG. 4. Pair production from a seed electron. The interme-
diate photon may be real or virtual.

of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]

1
It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.
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Cascading
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FIG. 4. Pair production from a seed electron. The interme-
diate photon may be real or virtual.

though subtleties in the PIC implementation of higher
order quantum processes. To illustrate these, and the
functionality of the PIC codes, it is simplest to focus
on a concrete example, and for this we choose the im-
portant process of pair production from a seed electron.
(See [26–31] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton at one time step, propagate, and then, when
rates are calculated at the time next time step, there is a
chance that this photon will produce a pair via stimulated
pair production. In this way we build up the higher-order
process from the basic processes described in Sect. IIIA.

At first sight, the PIC description seems to match
Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [32]. If follows that including the
full rate for this process in the same manner as the basic
processes above would imply a double counting, as the
full rate would already allow for the possibility that a
real photon is emitted, propagates, and then produces a
pair.

A second problem is that there is no obvious way to
include the contribution of virtual photons in a classical
formalism which forces all constituents to be on mass-
shell1.

It has been found, though, that the contribution from
the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [33, 34]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III A. Hence there is no need to include additional
rates in the PIC code to describe pair production by seed
electrons.

1
It is not enough to simply add the virtual contribution as a sep-

arate rate, as there is an interference term between the real and

virtual contributions.
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FIG. 5. A (greatly simplified) illustration of cascade forma-
tion from a seed electron in a PIC simulation. At each time
step, fermions can emit photons (or not) and photons can
produce pairs (or not). All particles are real.

The decomposition of the full process into real and
virtual channels has recently been investigated in [28, 31]
and the process has been analysed in detail for monochro-
matic fields in [27] and for constant fields in [31].

Repeated nonlinear Compton scattering and pair pro-
duction events can lead to an avalanche of particle pro-
duction, or ‘cascading’, see Fig. 5. The conditions for this
are discussed in [4, 5, 35] + more REFS. Give a bound?

2. Multiple photon emission

In the high-intensity regime where a0 � 1 sets the
dominant scale, multiple photon emissions from a given
fermion are expected to factorize into products of re-
peated single photons emissions, as for other higher-order
processes. The emission of very high energy photons can
be included through a synchrotron module, e�ciently cal-
culating the spectral properties of the emitted photons;
this will be discussed in Sect. [REF].

Two-photon emission has been considered in some de-
tail in the literature and serves to illustrate that the as-
sumptions relevant to the high-intensity regime are not
always applicable. It was found in [29] that for high en-
ergy electrons, � = 104, and (by modern standards) low
intensities, a0 = 1, that the o↵-shell channel generated a
significant number of photons, and exceeded the on-shell
contribution for low frequency emission.

This is a situation in which high energy, quantum ef-
fects, dominate over intensity e↵ects, and it is then not
possible to neglect virtual photon contributions. For a
comparison of the cases � ⌧ 1 (negligible quantum ef-
fects) and � ' 1 (significant quantum e↵ects) in double
photon emission see [30].

Simplified picture of numerical implementation of 
cascading in PIC code. All particles real.
Including trident is a challenge (see talk by F. 
Mackenroth). For a discussion of double nonlinear 
Compton scattering, see King, Phys. Rev. A 91, 
033415 (2015).

Ritus (1972); Bell & Kirk, PRL (2008) ; Ilderton, PRL (2010); 
Klepikov (1964); Nikishov & Ritus (1964); Elkina et al. (2011)

M. Marklund



Classical particle-in-cell scheme

dt

E(r),B(r)

Ei,Bi ri,pi

j(r)

Determine new particles 
velocities and positions

Calculate electromagnetic 
fields at grid positions

weigh field 
back to particle 

positions
weigh currents to 

grid cells

28D
p

v T
e N

λ
ω π

= =∆x ~                                 (Debye length)

dt ~ Tp /4,                     

The particles interact via solution of 
Maxwell’s equations on discrete grid.


The ensemble of particles are 
represented by a smaller number of 
super-particles, keeping the mass-to-
charge ratio of the real particles.


Super-particles have distributed 
charges and generate distributed 
currents with the size of order ∆x.


Many different codes: EPOCH, 
OSIRIS, PICADOR, ELMIS, 
PIConGPU…

M. Marklund



QED processes in PIC codes

• No trajectories. Instead, scattering probabilities via Monte Carlo modules.


1. Calculate the scattering probability in locally constant crossed fields,


for given event (Nikishov & Ritus, JETP 19, 529 + 1191(1964); Ritus, J. Sov. Laser 
Res. 6, 497 (1985)).


3. Divide by infinite interaction time to obtain finite rate.


4. Rate assumed to be local transition rate using locally constant field 
approximation.


5. After time step ∆t combine rate with statistical event generator, adding or 
removing particle species as appropriate.


6.Because number of pairs can grow exp, we need a thinning or merging algorithm 
for the particles. This keeps the particle number on a computational level. 

E2 �B2 = E ·B = 0

M. Marklund
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Incoherent emission

Field

Photons

Particles
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FIG. 6. Extension of the PIC approach for taking into ac-
count novel channels of energy transformation that could be
triggered by laser fields of extreme intensity.

3. Neglected higher order processes

As a consequence of the assumptions relevant to the
high intensity regime, some processes are neglected en-
tirely in the PIC simulations. Loop corrections, i.e. cor-
rections in higher powers of ↵n, are neglected [36].

Further, given only the two basic processes which are
included, there is no mechanism by which pairs can anni-
hilate. It is of course easy to imagine di↵erent scenarios
in which pair annihilation could be important. Two ex-
amples are i) a hohlraum in which we wish to establish
long-term equilibrium of the pair plasma, or ii) a very
high-density pair plasma where the annihilation rate is
of the same scale as the production rate.

D. Summary

Despite the common origin for all energy deposition in
Fig. 1, we will from here on use the word field to mean
coherent, low-frequency radiation which can be resolved
on the simulation grid, and the word photons to refer
to the incoherent, high-frequency radiation given by an
ensemble of photons. Using this notation in Fig. 6 we
show, schematically, three qualitatively di↵erent forms
of energy deposition [hmm] and the possible channels for
conversion of energy between them.

The solid lines indicate channels included in the PIC
code; these are photon emission and pair production, and
higher order processes such as cascades are built up from
repeated emission and production events. The dashed
lines indicate, for completeness, the processes which can
be neglected. (This is annihilation, absorption and the
negligible loss of energy in Sauter-Schwinger pair creation
discussed above.) [[The Feynman diagrams in the figure

aren’t drawn with standard notation, but we can fix this
later.]]
We remark that neither spin nor polarisation are in-

cluded in the code [[CHECK!]] – for an analysis of photon
polarisation e↵ects see [37].

IV. INCOHERENT EMISSION

The emission of classical radiation is well understood
as a part of the traditional PIC approach. [I think at least
a sentence is needed...] Thus we focus on accounting for
incoherent emission of individual photons from electrons
and positrons.

A. Problem of double counting

Accounting for the individual emissions of each photon
while simultaneously solving Maxwell’s equations implies
a double counting, as the current sources of the photons
is treated also as a source of coherent emission in the clas-
sical equations. [Check that please....]. However, Fig. 1
makes it evident, that the double counting is negligible in
terms of energy deposition and thus can hardly a↵ect the
macroscopic dynamics of laser-plasma interaction. [This
seems like an important point, but I’m finding it hard to
understand...] Indeed, the double counting occurs only
in the low-frequency part where the energy contribution
of the individual emission is smaller than the one of co-
herent emission by a factor of number of particles emit-
ting coherently. This number is very large for the typical
spectral range of energy deposition for coherent emission.

B. Properties of individual emission

As estimated above appears [equation reference], en-
ergy loss due to radiation impacts particle dynamics sig-
nificantly for field amplitudes a > 100, apart from some
specific cases [REFS]. If one is interested in the diagnos-
tics of emission at lower amplitudes one can, assuming
the emission does not a↵ect the process [????], use non-
modified [meaning?] numerical methods and obtain the
diagnostic from post processing, calculating the emission
integral [11] over the particles’ trajectories (see for exam-
ple [38]) or using statistical routines [39]. In this article
we primary focus on the case of the notable converse
e↵ect of emission, thus we assume ultra-relativistic dy-
namics � � 1, a � 1.
To determine emission that an electron produces dur-

ing one time step of PIC simulation we assume that the
electric and magnetic field vary insignificantly during this
interval of time. Next, we note, that in ultra-relativistic
case emission of a particle is predominantly defined by
the transverse acceleration (the longitudinal acceleration
has �2 times less contribution to the emission intensity,
see [7]). The emission is determined not by the EM-field

C. Ridgers et al., J. Comp. Phys. 260, 273 (2014); T.D. Arber et al., Plasma Phys. Control. Fusion 57, 113001 
(2015); A. Gonoskov et al., Phys. Rev. E 92, 023305 (2015); M. Vranic et al., Comp. Phys. Comm. 204, 141 (2016) 
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EM field Particles 

Maxwell’s eq. Relativistic eq. of 
motion 

weighing 

superparticles grid 

weighing 

low-frequency  
emission, λ > 4∆x (ћω < 100 eV) 

Maxwell’s eq. 

Assumptions: Applicability:  

Classic plasma 
physics,  
laser-plasma 
interaction, 
astrophysics 

     Coherent emission of 
particles at least within a 

superparticle,  
grid resolved wavelength: 
λ > 4∆x (ћωmax ~ 100 eV) 

FFT solver Boris pusher 

Standard Particle-In-Cell 

Level 1 

Lorentz force 

In
te

ns
ity

, W
/c

m
2  

Dumping in Boris 
pusher 

incoherent emission,  
cNe

1/3 < ћω << mc2γ 

γ-photons 

MC 

High-energy 
physics, high-
intensity laser-
matter 
interaction 

Neglecting γ-radiation 
effect on the other 

particles 

synchrotron radiation(1) 
+ Landau-Lifshitz model 

single-particle “recoil” 

Level 2 1023 

Approximation of ionization 
Limitation of the model for 

Bremsstrahlung 
 

Bremsstrahlung 

MC 

cross section 

Level 4 

MC 

e-e+ pair production 

Pair production 

Pure vacuum 
nonlinearity 

Neglecting energy and momentum conservation  
Neglecting annihilation processes 1027 

EG 

hard photon 
emission, ћω ~ εe 

Nikishov-Ritus model 

hard 
photons 

superphotons 

Vacuum 
nonlinearity, 
cascades 

Nikishov-Ritus model limitations 
Neglecting higher order processes 

Neglecting “recoil”(energy and 
momentum) to EM field  

electron-positron pair 

Level 3 

e-e+ pair production 

ballistics 
Propagation with c 

Nikishov-Ritus model 

EG 

1024 



Seeded cascades in colliding pulses: examples
2

a) Linear polarization b) Double clockwise polarization c) Clockwise-anticlockwize polarization

electrons
positrons
photons

electrons
positrons
photons

electrons
positrons
photons

FIG. 1. 3D PIC simulation snapshot of QED cascades for a) Setup 1 with a0 = 1000 at t = 90 !�1
0 , b) Setup 2 with a0 = 1300

at t = 80 !�1
0 , c) Setup 3 with a0 = 2000 at t = 46 !�1

0 . The laser pulses are shown through iso-contours of the electromagnetic
energy. The particles displayed represent only a small fraction of the simulation particles.

and hence predict which configuration will be optimal.
For a given a0, the optimal configuration consists in fa-
voring the maximal pair growth and hence determining
which field configuration o↵ers on average the highest

values of � = (e~/m3
c

4)
q

(� ~E + ~u⇥ ~

B)2 � (~u · ~E)2 with

~u = ~p/mc. It should be emphasized that radiation re-
action in intense fields modifies the orbits of particles
[34] and can lead to anomalous radiative trapping [35]
which we omit in the following analysis but which is self-
consistently captured in our simulations.

Setup 1 (lp-lp) consists of two linearly polarized lasers
where the phase and polarization are defined by

~a± = (0, a0 cos(!0t± k0x), 0), (1)

where “�” and “+” respectively denote a wave propagat-
ing in the positive and in the negative x direction. a0 =
eE0/m!0c is the Lorentz-invariant parameter, related to
the intensity I by a0 = 0.85(I�2

0/10
18Wcm�2)1/2 and E0

the peak electric field strength (which will be expressed
is units of m!0c/e in the following, such that Ẽ0 =
eE0/m!0c = a0). This results in a standing wave where
E

y

= 2a0 cos(k0x) sin(!0t), Bz

= �2a0 sin(k0x) cos(!0t);
the electric and magnetic fields of the standing wave have
a fixed direction, and ~

E ? ~

B and there is a ⇡/2 phase
o↵set between ~

E and ~

B both in space and time. This
hints that the dynamics of the particles in the standing
wave might be dominantly a↵ected by the electric or the
magnetic field depending on the phase within the tempo-
ral cycle [17, 34]. The electric field accelerates electrons
in the y direction, while the magnetic field B

z

can ro-
tate the momentum vector and produce also p

x

and the
orbits are confined in the x � y plane, see Fig.1a). The
existence of the p

x

component ensures that there is a
perpendicular momentum component to both ~

E and ~

B.
Rotating the momentum vector towards the higher p

x

gradually increases �

e

until a photon is radiated. This
photon then propagates and can decay far form the emis-
sion point. For a particle born at rest, �

e

oscillates ap-
proximatively twice per laser period with a maximum on
the order of 2a20/aS where a

S

= mc

2
/~!0 is the normal-

ized Schwinger field [36]. The cascade develops mostly

around the bunching locations (two per wavelength that
corresponds to the moment of rotation or high �) and is
characterized by a growth rate that possesses an oscillat-
ing component at 2!0.
Setup 2 (cw-cw) is composed of two clockwise circu-

larly polarized lasers defined by

~a± = (0, a0 cos(!0t± k0x),±a0 sin(!0t± k0x)), (2)

where a0 = 0.6(I�2
0/10

18Wcm�2)1/2. In addition to the
E

y

and B

z

components that are the same as for the lp-
lp case, we also have E

z

= 2a0 sin(k0x) sin(!0t), By

=

�2a0 cos(k0x) cos(!0t). For any x, both ~

E and ~

B are
parallel to the vector ~e(x) = (0, cosx, sinx). The direc-
tion of the fields depends on the position, but the ampli-
tude of both ~

E and ~

B is only a function of time, which
results in a helical field structure growing or shrinking
uniformly in space ( ~E and ~

B are dephazed by ⇡/2 in
space). Contrary to the lp-lp setup, this configuration
does not produce p

x

for particles born at rest since at
each position both ~

E and ~

B are parallel to the momen-
tum at all times, and significant �

e

cannot be achieved.
Reaching high values of �

e

is, however, possible for par-
ticles that are not at rest initially. If an external per-
turbation provides a transverse momentum p

x

(e.g. the
initial ponderomotive force due to the laser pulse enve-
lope) the particle can move along the x axis and leave
the region where the fields remain parallel to the mo-
mentum kick acquired at the initial position. In this way
the value of �

e

is increased, and so is the probability of
radiating hard photons. The decay of hard photons pro-
duces pairs that will either possess an initial transverse
or longitudinal momentum component and the cascade
will naturally develop. A crude analysis shows that the
maximal �

e

attainable is on the order of 2a0�0/aS (�0
being the initial energy of the particle when created).
All x positions have equivalent probabilities to initiate
a cascade because only the azimuthal angle of the field
changes along the x axis. Therefore, the cascade shall
develop over the entire wavelength.

Setup 3 (cw-cp) is formed by a clockwise and a counter-

Grismayer et al., Phys. Rev. E 95, 023210 (2017)

Using QED PIC simulations, processes involving radiation reaction, synchrotron emission, Breit—
Wheeler pair production, and collective plasma effects can be analysed in a self-consistent way.

Gonoskov et al., PRX, in press (2017)
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FIG. 1. (a) Schematic view of target irradiated by four-
sided imploding laser beams. (b) Normalized density of electron
ρe = ne/a0nc at t = 25T0. (c) Distribution of the electric field E(z)
given by Eq. (4) for ω = 1, A = 1 at t = π/2.

plasma, with sufficient electrons to radiate, is an appropriate
medium to transfer energy from laser to γ rays. Compared with
the two-sided irradiation case [21], four-sided symmetrical
irradiation in Fig. 1(a) compresses the pellet more impeccably
and, moreover, energetic electrons can be well confined in the
central region without substantial dispersing.

We note that a multiple-colliding-pulse scheme was first
proposed to enhance the electron-positron pair production
from vacuum by lowering the threshold laser intensity [30] and
then utilized to study the effective particle trapping [31–33]
and found to significantly enhance the interaction, which may
result in the increase of the parameters χe and χγ and in
significant enhancement of the interaction. As shown recently
by Vranic et al. [34], a multiple-laser configuration favors the
QED cascades to produce the electron-positron pair plasmas
at laser intensity I ≃ 1024 W/cm2. However, the identical
four-beam colliding scheme for γ -ray photon generation is
still unexplored at I ! 1023 W/cm2. This letter is dedicated
to investigate relatively weak QED effect such as γ -ray burst
rather than pair plasmas cascades.

We identify three stages of interaction during the irradiation
of the NCD target by four colliding laser pulses. At the
first stage, or the initial compression stage, electrons are
pushed inward and the target is compressed until plasma
charge separation field balances the laser ponderomotive force,
Fp = ∇

√
1 + a2, where a = eElaser/meω is the normalized

laser amplitude and ω is the laser frequency. In the follow-
ing explosion stage, lasers penetrate the NCD plasma and
eventually are transmitted due to the self-induced relativistic
transparency [35,36], which, in principle, can be modified by
the QED effects [37]. During this stage energetic electrons
collide with laser pulses going through the target. After that
a two-dimension electromagnetic standing wave (SW) or the
ponderomotive potential well sets up, which traps the electrons
at its nodes [E = 0 see Fig. 1(b)] [38]. These nodes can
prevent electrons from leaving the laser volume, leading to
overdense or relativistic NCD plasma generation. Finally, there
is a saturation stage, when the SW fades away, the production

of the γ ray photons is terminated, and energy fraction of
charged particles and γ -ray photons remains stable.

The parameter χe for electron in the SW of four laser
pulses can be estimated as χe ≈ 4γ E/ES . Depending on the
laser intensity we can identify different regimes of interaction.
Here we assume that the electron energy is fully determined
by its interaction with the EM field. The quantum effect
dominated regime is characterized by the fact that the electron
is able to emit a photon with the energy of about the electron
initial energy. Thus the motion of electrons in this regime
is dominated by the quantum recoil. The characteristic field
strength in this case is aQ = (2αf /3)2(3λ/4πre) [39,40],
where re = 2.8 × 10−13 cm is the classical electron radius
and αf is the fine structure constant, and the condition to be in
the quantum dominated regime is a > aQ. Alternatively, if one
neglects the actual motion of an electron in strong EM field
for simplicity, this condition can be rewritten in the form [41]:

Rc = αf χea " 1. (1)

The laser normalized amplitude a " 175 can be obtained
from the above formula in view of γ ≈ a [42]. It should be
noted that our regime does not satisfy the requirement of a
quantum radiation-dominated regime [41] so both classical and
QED electrodynamics analysis can result in the qualitatively
identical cooling effect in the electron phase space while the
stochasticity effect in the quantum radiation-dominated regime
[43] does not play a significant role for the chosen parameters
of interaction. Considering the procedure of the compression
stage, initial density n0 with size of S0 is gradually piled up to
the central area SA ≈ r2

0 with plasma density n′ = n0S0/SA,
where r0 is width of the laser beam. On account of relativistic
self-induced transparency, the index of refraction is reduced
by a factor 1/

√
γ̄ , where γ̄ is the average Lorentz factor of the

electrons. An opaque, or normal, overdense plasma therefore
becomes transmissive if the laser amplitude is sufficiently high.
Laser energy can be further absorbed in this RCD plasma
[44,45] and in order to obtain the maximum energy conversion
efficiency, initial density can be roughly estimated as

n0S0/r2
0 ∼ γ̄nc, (2)

where nc = meε0ω
2/e2 is the critical density, where ε0 is

the vacuum permittivity. To achieve high energy conversion,
Eqs. (1) and (2) should be satisfied.

In what follows we use EPOCH code [46], which is a
typical particle in cell (PIC) code with a Monte Carlo
module, which takes into account the synchrotron emission
of γ photons and generation of electron-positron pairs [47].
In order to verify this regime, QED-PIC simulations are
performed. The simulation domain is sampled by 4000 × 4000
cells, corresponding to a real space of 40 µm × 40 µm. Four
linearly z-polarized lasers with the same intensities I0 ≈ 8.5 ×
1022 W/cm2 (normalized amplitudes a0 = eEL/meω0c =
250) and wavelengths λ0 = 1.0 µm are incident from all sides
simultaneously. The laser pulses have a transverse profile
a ∝ a0 exp (−y2/r2

0 ) of r0 = 4λ0 and a flat shape duration of
τ0 = 30 f s(9T0,T0 = 2π/ω0). The target is a circle located
at x2 + y2 < (8λ0)2, with a uniform electron density of
16nc = 1.76 × 1022 cm−3. Both electrons and protons with
about 6.4 × 107 macroparticles are included in this numerical
simulation. Figure 1(b) (case n0 = 16nc) shows electron

013210-2

Gong et al., PRE 95, 013210 (2017)

Electron - positron cascades in multiple-laser optical traps 4

Figure 1. Setup: A thin cryogenic ice target is placed in the focus of four lasers. A
pair of lasers propagates along the x-axis, and another pair along y-axis. In Setup A,
the lasers are all polarised perpendicularly to the x-y plane of motion (the illustrations
on the right hand side show the laser electric field); Setup B corresponds to all lasers
polarised within the plane of motion, while Setup C is composed of a pair of lasers
polarised within the plane, and another pair outside of the plane.

macro particle merging algorithm [40], we are able to control the number of simulation

particles, such that the numerical simulations of di↵erent setups can be performed in full

scale. We show that the laser depletion decreases the maximum achievable growth rates.

We highlight how seeding, i. e., early takeo↵ of the cascade in one of the configurations

can result in a higher number of particles and more e�cient laser absorption. For the

configuration with highest laser absorption e�ciency, we discuss the conversion of laser

energy to high-frequency photons, and emission angles.

This manuscript is organised as follows. In Section 2 we introduce the setup. In

Section 3 we analyse a simplified configuration within a periodic box filled with plasma

where the particles are treated as test particles (no feedback on the wave). We show

that here the growth rates can be predicted analytically. Section 4 deals with a realistic

scenario using finite-spot lasers and self-consistent interaction with the electron positron

plasma of the cascade. Finally, we present our conclusions in Section 5.

2. Setup and optical trap configuration

The main setup is illustrated in Fig. 1. Four linearly polarised lasers are distributed

in space to form an optical trap for a 0.3 µm thick plasma seed located in the centre.

Vranic et al., PPCF 59, 014040 (2017)



Kinetic approaches

• Evolution of particle distribution in classical phase space (see talk by Niel).


• For radiation reaction and Compton scattering: (a) Vlasov equation with 
modified Vlasov operator, (b) Boltzmann equation with emission rate. 


• Fokker—Planck form of dynamics. 


• Gives access to moments. Possible to extend to other processes. 

M. Marklund

Niel et al., arXiv:1707.02618 (2017)
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FIG. 1: (a) Dependence of g(�) on the Lorentz invariant elec-
tron parameter � leading to a reduction of the emitted power
due to quantum effects. (b) Quantum emissivity G(�/��)/�

2

and (c) its classical limit as function of the Lorentz invariant
electron parameter � and ��/� = ��/�. Dashed lines in panel
(b) and (c) show �� ' 0.435�2 for which the classical limit
of G(�,��) is maximum.

B. Kinetic point of view: the linear Boltzmann
equation

The equation of evolution for the electron distribution
function fe(t, r, �,⌦) accounting for the effect of high
energy photon emission and the corresponding photon
distribution function f�(t, r, �,⌦) can be written in the
form:

d

dt

fe =

Z
+1

0

d�� w�(� + �� , ��) fe(t,x,� + �� ,⌦)

� fe(t,x,�,⌦)

Z
+1

0

d��w�(�, ��) , (29)

d

dt

f� =

Z
+1

1

d� w�(� + �� , ��) fe(t,x,� + �� ,⌦), (30)

where it has been assumed that radiation emission (and
its back-reaction) is dominated by the contribution of
ultra-relativistic electrons (for which p ' mc�⌦), and
that such ultra-relativistic electrons emit radiation in the
direction ⌦ of their velocity, and the total time deriva-
tives in Eqs. (29) and (30) will be detailed in Sec. IV.

Equation (29) is a linear Boltzmann equation, and its
right-hand-side (rhs), henceforth denoted C[fe], acts as
a collision operator. It accounts for the effect of high-
energy photon emission on the dynamics of an electron
radiating in the electromagnetic fields E and H, that is
for radiation reaction. It depends on w�(�, ��) which de-
notes the rate of emission of a photon with energy mc

2

��

by an electron with energy mc

2

� and quantum parame-
ter �. Note that the dependency in � implicitly states
that the emission rate is computed locally in space and
time, i.e. taking the local value of the electromagnetic
field at time t and position x, for a given electron mo-
mentum direction ⌦. Under the assumptions previously
introduced (Sec. IVA), this emission rate reads:

w�(�, ��) =
d

2

N

dtd��

����
�

(�� , �) =
2

3

↵

2

⌧e

e
G(�, ��/�)

���
, (31)

where:

e
G(�, ⇠) =

p
3

2⇡

⇠

"Z
+1

⌫
K

5/3(y)dy +
⇠

2

1� ⇠

K

2/3(⌫)

#
,

with ⇠ = ��/� = ��/� and ⌫ = 2⇠/[3�(1� ⇠)].
It is complemented by Eq. (30) that describes the tem-

poral evolution of the photon distribution function. In
this work, photons are simply created and then propa-
gate freely. The rhs of Eq. (30) thus stands as a source
term and will be denoted S[fe] in the rest of this work.

In Sec. V, we will show show that Eq. (29) conserves
the total number of electrons, while Eq. (30) predicts a
total number of photons increasing with time as more and
more photons are radiated away. It will be also demon-
strated that the total energy lost by electrons due to
radiation emission is indeed transferred to high-energy
photons, that is, the system of Eqs. (29) and (30) does
conserve the total energy in the system.

Emission rate
7

C. High-energy photon emission as a random
process

The system of Eqs. (29) and (30) stands as a Master
equation. It describes a discontinuous jump process with
w�(�, ��) giving the rate of jump from a state of electron
energy mc

2

� to the state of energy mc

2

(� � ��), via the
emission of a photon of energy mc

2

�� .
Considering the dynamics of a single electron, this pro-

cess can be described by three different (but related)
random variables: (i) the electron energy itself, (ii) the
number Nt of photon emission events in a time interval
[0, t], and (iii) the time Tn of the n

th emission event.
The last two variables are of course equivalent since
Tn � t () Nt  n, both denoting that there are at
least n emissions in the time interval [0, t]. It is possible
to show that Nt follows a Poisson process of parameter

⌧(�, �, t) =

Z t

0

W (�, �)dt

0 (32)

which is usually referred to as the optical depth, and
where:

W (�, �) =

2

3

↵

2

⌧e�

Z
+1

0

d⇠

e
G(�, ⇠)/⇠ (33)

is the instantaneous rate of photon emission. Hence, the
probability for the electron to emit n photons during a
time interval t is given by

P [N(�, t) = n] = e

�⌧(�,�,t) ⌧(�, �, t)

n

n!

, (34)

while the cumulative probability of the random variable
Tn is given by

P [Tn�1

< t] = 1 � e

�⌧(�,�,t)
. (35)

A discrete stochastic formulation of these discontinu-
ous jumps can be rigorously deduced [49], leading to a
Monte-Carlo description (see Sec. VI C and Refs. [16, 18]
for more details). While it allows to fully model high-
energy photon emission and its back-reaction as depicted
by the linear Boltzmann Eq. (29) and Eq. (30), the
Monte-Carlo procedure has some limitations. Indeed, in
regimes of intermediate � parameters, numerous discrete
events of small energy content may occur, giving rise to
computational cost overhead. These events may how-
ever have a non-negligible cumulative effect. As will be
shown in what follows, this case is precisely the oper-
ating regime of the Fokker-Planck approximation (a by-
product of the master equation). In the following, we
show that a Fokker-Planck approach can be used to treat
many discrete events at once.

D. Toward the classical limit: the Fokker-Planck
approach

Let us now focus on the linear Boltzmann Eq. (29)
which we rewrite in the form:

@tfe + r · [cu⌦fe] �
1

mc

2

@� [ecu(⌦ · E)fe] (36)

� e

p

r⌦ · [(1 �⌦⌦⌦) · (E + u⌦⇥H)fe] = C [fe] ,

where u =

p
�

2 � 1/�, p = mc

p
�

2 � 1, r⌦ denotes the
derivative with respect to ⌦, 1 the rank 2 unit tensor and
⌦ stands for the dyadic product. While the left hand side
of Eq. (36) is the standard Vlasov operator written for the
energy-direction distribution function fe(t, r, �,⌦) (see
e.g. Ref. [50]), C[fe] is the collision operator given by the
rhs side of Eq. (29).

Rewriting the integrand in the first integral of C[fe]

as a Taylor series in ��/�, the collision operator can be
formally casted in the form of the Kramers-Moyal expan-
sion:

C [fe] =

1X

n=1

1

n!

@

n
� [An(�, �) fe] , (37)

with An(�, �) =

R
d�� �

n
� w�(�, ��) the n

th moment asso-
ciated to the kernel w�(�, ��). For the particular kernel
given by Eq. (31), we get for the associated moments:

An(�, �) =

2

3

↵

2

⌧e
�

n�1

an(�) (38)

with:

an(�) =

Z
+1

0

d⇠ ⇠

n�1 e
G(�, ⇠) . (39)

Note that the first moment depends on � only through �

and reads A

1

(�, �) =

2

3

↵2

⌧e
�

2

g(�) [where �

2

g(�) = a

1

(�)

is the quantum correction given by Eq. (27)].
In general, using expansion (37) for the operator in

the linear Boltzmann Eq. (36) would require to solve an
infinite order partial differential equation. Therefore, it
is common to truncate Eq. (37). This truncation cannot
however be done properly by a finite and larger than two
number of terms [51].

The truncation using the first two terms in Eq. (37) is
actually justified in the limit �� ⌧ �. This is ensured for
� ⌧ 1, i.e. in the classical regime of radiation emission,
and the resulting truncation corresponds to a Fokker-
Planck expansion. In this limit, the collision operator
reduces to:

CFP [fe] = @� [S(�)fe] +

1

2

@

2

� [R(�, �)fe] , (40)

the first term being referred to as the drift term, and
the second one as the diffusion term, and where we have



Kinetic approaches

• Full quantum kinetic approach à la de Groot.


• Based on Wigner function for electron state: 


• Slowly varying classical fields: 


• Can in principle be used to obtain closed form dynamical expressions for the 
processes of interest. 


• Can be reduced to a set of molecular dynamics like equations. 

M. Marklund

de Groot & Suttorp (1972); Ruhl & Herzing, arXiv:1611.03892

2. Matter and radiation fields

We start by defining the concept of a Wigner operator outlined in [1].
The Wigner operator is

Ŵ

db

(x, p) =

Z
d

4

y

(2⇡~)4 e
�i

p·y
~  ̂

db

⇣
x+

y

2
, x� y

2

⌘
(1)

with the kernel

 ̂
db

(x
1

, x

2

) =  ̄

b

(x
1

) U (A, x
1

, x

2

)  
d

(x
2

) , (2)

where

U (A, x
1

, x

2

) (3)

= exp


� ie

~ (x
1

� x

2

)⌫
Z

1

0

dsA

⌫

✓
x

1

+ x

2

2
+

⇢
s� 1

2

�
(x

1

� x

2

)

◆�
.

With the help of the Dirac equation coupled to the radiation field equations
of motion for the Wigner operator (1) are obtained [1]. In the limit of a
slowly varying classical radiation field we obtain
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Next, it is useful to expand the Wigner operator in spin space [1]. This yields
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where F̂ is a scalar and Â↵ is an axial vector. It is found that in the classical
limit
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2. Matter and radiation fields

We start by defining the concept of a Wigner operator outlined in [1].
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The nonlinear quantum vacuum

• Special relativity + Heisenberg’s uncertainty relation = virtual pair fluctuations.


• Photons can effectively interact via fluctuating electron-positron pairs.


• Astrophysical applications; laboratory tests of high field QED.


• Implemented numerically (Böhl et al., Phys. Rev. A 92, 032115 (2015); P. Carneiro et 
al., arXiv:1607.04224)

Atomic field

Atomic nucleus

Incoming photon

Outgoing photon

Magnetic field

Vacuum fluctuations

Marklund & Shukla, Rev. Mod. Phys. 78 (2006); Marklund, Nature Phot. 4 (2010)



The Heisenberg-Euler Lagrangian

• Describes the vacuum fluctuations as an effective field theory, fermionic 
degrees of freedom integrated out.


• Has real and imaginary part. The imaginary part signals "field depletion”, i.e. 
pair production, the real part defines elastic photon scattering events.


• Can compute equations of motion for test photons in both sub- and super-
critical fields.
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(Böhl et al., Phys. Rev. A 92, 032115 (2015); P. Carneiro et al., arXiv:1607.04224)



Dispersion relations in external fields

• Result due to HE interactions; nonlinear function of field strengths


• Result due to HE interactions + lowest order corrections due to finite 
frequency (still perturbative); nonlinear function of wavenumber


• Dispersion relation: Hamiltonian for photons.


• Phase and group velocites may change in external fields.
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Vacuum birefringence

• Anisotropic vacuum, due to e.g. magnetic field (Adler 1970, 1971, Heyl & 
Hernquist 1997, Dittrich & Gies 1998, Rikken & Rizzo 2000, 2003); permittivity 
and permeability


• Refractive index different for different propagation angles, relative external 
field
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Probing the quantum vacuum

Basic process: light-by-light scattering.
Probability: tiny.
Laser flux compensates.
Lundstrom et al, PRL 96 (2006) 083602

Signal of light-by light:
Vacuum birefringence.

Toll, 1952

Linear elliptic polarisation
X-fel + optical.

Thomas Heinzl, Anton Ilderton: Exploring high-intensity QED at ELI 3

subsection. Case (ii) is the most spectacular and corre-
sponds to Schwinger pair production [11] by spontaneous
vacuum decay. This is a completely nonperturbative pro-
cess with an exponentially suppressed pair creation rate,
R � exp(�⇡/�), typical for tunneling processes. Note that
it cannot be expanded in � or a0. It is covered thoroughly
by G. Dunne in these proceedings [10]. We will move on
to the analysis of the real part of the polarisation loop of
Fig. 3.

2.2 Vacuum birefringence

The real part of the vacuum polarisation diagram de-
scribes photon propagation modified by virtual pairs. As
such it corresponds to a dispersive process. Strong back-
ground fields actually modify the dispersion relation for
photons in a peculiar way. As first discussed by Toll in his
unpublished thesis [12] the external field with its preferred
direction induces ‘vacuum birefringence’, i.e. nontrivial re-
fractive indices which di�er for di�erent polarisation direc-
tions of the probe photons. To lowest order in � and � the
two principal indices are [12,13]

n± = 1 +
��

2

45⇡

�
11± 3 +O(�2�2)

��
1 +O(��2)

�
, (4)

where � = e

2
/4⇡h̄c � 1/137 denotes the fine structure

constant as usual. As ��2 � 1 the deviation from unity is
basically a function of the product �� (first curly bracket)
and, even for ELI intensities (� � 10�2), extremely small,
of the order of 10�8. Nevertheless, it is not hopeless to at-
tempt a measurement [14]. The setup for a vacuum bire-
fringence experiment is shown in Fig. 5.

d

e

B

E

45

linear pol. elliptical pol.

zλ

large I,  ν

e+

e

Fig. 5. Schematic experimental setup for a vacuum birefrin-
gence measurement.

A linearly polarised probe beam collides head-on with
a laser of ultra-high intensity I concentrated within a fo-
cus size d (taken to be the Rayleigh length). The rela-
tive phase retardation due to birefringence induces a small
but nonvanishing ellipticity once the beam has passed the
high-field region. For �, � � 1 the signal is given by the
expression

�

2 = 3.2� 105
�

d

µm
�

2
�

�2

, (5)

and hence power law suppressed. For an X-ray probe (i.e.
� � 10�2), a Rayleigh length d � 10 µm and ELI intensi-
ties one finds an ellipticity signal �2 of the order of 10�5.
This is at the lower end of what can nowadays be measured
using X-ray polarimetry [15]. Assuming a larger Rayleigh
length one can gain an order of magnitude so that the sig-
nal could safely be detected with present day techniques.
The result (5) is valid for small � and � (low energy and
intensity). While the field strength � cannot be increased
easily we may, however, consider large probe frequency,
� > 1, hence scenario (i) of the preceding subsection. For
this we need polarised high-energy photons. The standard
method to produce these is via Compton backscattering
o� an electron beam [16,17]. This was also the method
of choice for the SLAC E-144 experiment [18]. To achieve
high photon energies (i.e. a Compton blue shift, hence ‘in-
verse’ Compton scattering) it is best to use another laser
with a0 < 1 (see Sect. 3). The maximum frequency is then
given by the Compton edge � � 4�2

�0 with h̄�0 � 1 eV
for optical lasers. To exceed the pair creation threshold
hence requires electrons of a minimal energy of Ee � 250
MeV. This is nowadays routinely achieved using laser wake
field acceleration (or modern variants thereof).
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Vacuum birefringence

• Instead of effective field theory approach, what 
is happening at the photon level? 


✤ Start with full QED and calculate the helicity 
flip probability,


✤ gives back the effective field theory 
approach when summing up the photons,


✤ use this to check the properties of 
birefringence in different field 
configurations, structured pulses etc.,


✤ shows that birefringence is robust towards 
field structure, 


✤ can also be used with few-photon sources.

V. Dinu et al., Phys. Rev. D 89, 125003 (2014); 
Phys. Rev. D 90, 045025 (2014)



Summary

1. Classical plasmas
MHD 
Gyrokinetics/Fokker-Planck 
Particle-in-cell

2. Semiclassical plasmas
Collisional processes. 
Ionization.

3. Relativistic plasmas
Fully relativistic plasmas 
Fully quantum mechanical single 
particle processes

4. QED plasmas

Many-body physics in 
strong fields

Energy and intensity

Particle simulation of plasmas
John M. Dawson
Department ofPhysics, University of California, Los Angeles, California tt0024

For plasma with a large number of degrees of freedom, particle simulation using high-speed computers can
offer insights and information that supplement those gained by traditional experimental and theoretical ap-
proaches. The techmque follows the motion of a large assembly of charged particles in their se1f-consistent
electric and magnetic fields. %'ith proper diagnostics, these numerical experiments reveal such details as
distribution functions, linear and nonlinear behavior, stochastic and transport phenomena, and approach to
steady state. Such information can both guide and verify theoretical modeling of the physical processes
underlying complex phenomena. It can also be used in the interpretation of experiments.
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I. INTRODUCTION

Traditionally the investigation of the behavior of com-
plex physical systems has been carried out through the
application of two well-tested techniques, namely, the ex-
perimental techniques in which one disturbs the system in
some controlled manner and observes its behavior, and
the theoretical approach in which one uses analytical
mathematical techniques to determine the behavior con-
sistent with well-estab!ished physical!aws. In the case of
large-scale physical phenomena, one must often substitute
observations of naturally occurring behavior for well-
controlled experiments. The great advances in physics
have come through the combined application of these two
approaches. One asks questions of nature through experi-
rnents whose results test and extend our theoretical
knowledge. Notwithstanding the great power and
successes of this approach, there are a large number of
physical problems for which experiments are difficult or
impossible, and the simultaneous interaction of a large
number of degrees of freedom makes analytic theoretical
treatments impractical. Often, however, we believe we
understand what the fundamental laws that govern the
system are, but we are simply unable to work out their
consequences. Most of the rich variety of natural phe-
nomena that occur all around us are of this type. At the
other extreme, we may not be sure of the physical laws.
However, we may have proposed ones which we are un'-
able to test because of the complexity of the theory (de-
tailed evolution of cosmology, for example). Recently, a
powerful new method for both types of investigation has
become possible through the advent of modern high-speed
computers. This is the method of computer simulation or
computer modeling.

For computer simulation one constructs a numerical
model of the system or theory which one wishes to inves-

Reviews of Modern Physics, Vol. 55, No. 2, April 1983 Copyright 1983 The American Physical Society 403

”Proper treatment of systems where both 
the microscopic and macroscopic behavior 
are important will undoubtedly challenge 
simulation physicists for many years to 
come”



Open questions
A. Some common platform for code 

development! 


B. Make our codes more complete: including 
further processes with higher accuracy.


C. Overcome multiple scale issues (volume, 
timescale…) for proper experimental 
analysis.


D. Accurate interplay with experiments (e.g., 
detailed data input).


E. The breakdown of the locally constant 
crossed field approximation?


F. The role of coherent multi-photon effects.


G. Depletion mechanisms of background 
fields; the breakdown of the background 
field approximation?


H. The transition between the S-matrix 
approach and equations of motion. No 
trajectories in QED. 


I. Transition times in quantum processes from 
in and out states? Compare ionization. 


J. Non-equilibrium many-body QFT approach. 
Compare condensed matter, transport 
theory of solids, and TDFT development.



Example: event generators

E.N. Nerush et al. PRL 106, 035001 (2011)


N.V. Elkina et al. PR STAB 14, 054401 (2011) 
(+Alternative Event Generator)


C.P. Ridgers et al. J. Comput. Phys. 260, 273 (2014)

Problems:

• infrared cutoff

• combining with 

classical RR 

Inverse sampling method P

ℏω
0

γmc2

1

ℏωmin

Modified Event Generator

A. Gonoskov et al., PRE 92 (2), 023305 (2015)


• no infrared cutoff

• describes also classical RR

• close to minimal requirements to the time step


M. Marklund



Thinning and merging 

Thinning 
G. Lapenta, JCP(1994);  
E. Nerush et al., PRL (2011);  
A. Timokhin (2010) 
A. Gonoskov et al., PRE (2015)

Merging 
G. Lapenta, JCP (2002)

Merging with preservation of conservation laws 
M. Vranic et al., CPC (2015)

Thinning with exact preservation 
of distribution functions and 
conservation laws 
A. Gonoskov, arXiv:1607.03755 (2016)

M. Marklund



Introduction

e-

Effects:

• radiation friction   I > 1023 W/
cm2

• discontinuity   I > 1024 W/cm2

• cascades I > 1025 W/cm2 



Extensive literature on this topic, as well as many 
different implementations, see, e.g., 

Di Piazza, Lett. Math. Phys. 83, 305 (2008)  
Bell & Kirk, PRL 101, 200403 (2008)  
Di Piazza et al., PRL 105, 20403 (2010) 
Bulanov et al., PoP 17, 063102 (2010) 
Sokolov et al., PoP 18, 093109 (2011)  
Thomas et al., PRX 2, 041004 (2012)  
Di Piazza et al., RMP 84, 1177 (2012)  
Schlegel & Tikhonchuk, NJP 14, 073034 (2012) 
Chen et al., PRSTAB 16, 030701 (2013)  
Mackenroth et al., PPCF 55, 124018 (2013) 
Ilderton & Torgrimsson, PRD 88, 025021 (2013) 
Ridgers et al., J. Comp. Phys. 260, 273 (2014) 
Yoffe et al., NJP 17, 053025 (2015)  
Tamburini et al., PRE 89, 021201 (2014)  
etc…

Model for classical RR

M. Vranic et al. Comput. Phys. Commun. 204, 141-151 (2016)

A. Ilderton & G. Torgrimsson, PRD 88, 025021 (2013)



• PIC schemes work with super particles 
where the charge to mass ratio is kept 
fixed for each species q/m. 

• This works because the acceleration due 
to the Lorentz force depends on q/m. 

• Not true for RR force. However 

Including classical radiation reaction in PIC codes

M. Vranic et al. Comput. Phys. Commun. 204, 141-151 (2016)



 
 

 

 

coherency 
peak

 

synchrotron 
peak

coherent radiation: 
grid description

 
 

incoherent radiation: 
particle description

Avoiding double-counting of RR: Dual treatment of the EM field

A. Gonoskov et al., PRE 92 (2), 023305 (2015)

threshold of 
interest

 

 



Dual treatment of the EM field: validation with the worst case 
scenario

Relativistic electronic spring (RES) theory*:
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The plasma acts as a slingshot, accumulating and 
releasing the energy of an optical cycle in an XUV burst 
both 100 times shorter in duration and 100 times higher 
in intensity.

* A. Gonoskov et al., PRE 84, 046403 (2011); PhD thesis (2014)



Dual treatment of the EM field: validation with the worst case 
scenario

A. Gonoskov et al., PRE 92 (2), 023305 (2015)



Non-perturbative pair production

QED rate  
 

Stimulated pair production

QED rate  
 

 

Annihilation

 
   

Absorption

 
 

Incoherent emission

 

QED rate

 
 

 Photons

Dual treatment of the electromagnetic field

Classical plasma physics

 

 

 

Particles

 

Field



Quantum radiation reaction

v<<c:

v ~ c:

weak effect

strong and 
continuous effect

strong and 
rare recoils

A. Gonoskov et al., PRE 92 (2), 023305 (2015)

Overestimation of radiation losses

Discreetness of emission

Sokolov et al., PoP 18, 093109 (2011) 
J L Martins et al. PPCF 58 (2016)



Probabilistic treatment of quantum RR

E.N. Nerush et al. PRL 106, 035001 (2011) 

N.V. Elkina et al. PR STAB 14, 054401 (2011) (+Alternative 
Event Generator) 

C.P. Ridgers et al. J. Comput. Phys. 260, 273 (2014)

Problems: 
• infrared cutoff 
• combining with 

classical RR 

Inverse sampling method P

ℏω
0

γmc2

1

ℏωmin

Modified Event Generator 
A. Gonoskov et al., PRE 92 (2), 023305 (2015) 

• no infrared cutoff 
• describes also classical RR 
• close to minimal requirements to the time step 



Unbinding requirements on the time step
Rate:

Requirements on time step (modified event generator):

Emission: 

Pair production:

Adaptive event generator 
• Modified Event Generator 
• Timestep subcycling 
• Local cascade resampling 

A. Gonoskov et al., PRE 92 (2), 023305 (2015)



PICADOR code

MPI       +      OpenMP / GPU / XeonPhi  +  heterogeneous
92%(2k) PPC, ns = 7.9(E5) 

               63(core)
/    14 /   3.3 (KNL7250)

3D EM-PIC code / open for collaborations

Numerical schemes: FDTD, NDF, Boris, CIC, TSC, Esirkepov, Villasenor-Buneman, filters

Optimization: Adaptive load balancing, vectorization, supercells 

Project leaders 
Arkady Gonoskov, Chalmers (Sweden), Iosif Meyerov, UNN (Russia), Evgeny Efimenko, IAP RAS (Russia) 
Core developers (UNN, Russia) 
Sergey Bastrakov, Igor Surmin, Anton Larin, Anatoly Rozanov 
Collaborators, extension developers, users 
Alexey Bashinov, Artem Korzhimanov, Alexander Muraviev IAP RAS (Russia); Joel Magnusson, Benjamin Svedung 
Wettervik, Chalmers; Erik Wallin, Jens Zamanian, Umea Univ.  (Sweden); Felix Mackenroth, MPIPCS (Germany); Manuel 
Blanco (Spain). 

ELMIS 3D spectral EM-PIC code 
num. dispersion free + Poisson's 
eq. solver + spectral filtering 
MPI (70%1k), PPC = 300ns(core) 

Module Development Kit (MDK)

• scripting language for input/output and modules 
• controls hierarchy (MPI+OpenMP/XeonPhi) 
• handles and optimizes data transferring/collecting 
• protects and supports development 
• assists post-processing 

• QED (A. Gonoskov et al., PRE (2015) 
• Resampling 
• Ionization 
• RR (LL) 
• Diagnostic tools  
• On-the-fly 1D/2D/3D graphics 



Open questions

• The role of coherent multi-photon effects. 
• Depletion mechanisms of background fields; the 

breakdown of the background field approximation? 
• The transition between the S-matrix approach and 

equations of motion: meaningful? No trajectories in 
QED.  
• Transition times in quantum processes from in and out 

states? Compare ionization.  
• Many-body relativistic quantum processes in strong 

fields: possible? Path integral approach?



Introduction

• Accelerated charged particles emit radiation.


• Strong enough accelerating field: emitted 
radiation will give significant momentum kick to 
electron.


• Momentum kick: radiation reaction.*


• Classical regime: continuous emission, Landau-
Lifshitz description.


• Quantum regime: discrete, stochastic emission.


• Straggling‡: stochastic emission makes electron 
reach classically forbidden regions of laser pulse.

M. Marklund

}
*Di Piazza et al., Rev. Mod. Phys. 84, 1177 (2012)
‡Shen & White, Phys. Rev. Lett. 28, 455 (1972)
‡Blackburn et al., Phys. Rev. Lett. 112, 015001 (2014)

Intro Classical/quantum Quenching Observation Outro

Classical motion in strong fields

Accelerated particles radiate.

Must lose energy.

e�

e�

‘Radiation reaction’: just momentum conservation

Lorentz (1909), Abraham (1905), Dirac, Proc. Roy. Soc. London A 167 (1938) 148



Quenching

• Fluorescence quenching through 
Dexter electron transfer.* 


• Excited electrons transfer between 
molecules on a non-radiative path of 
length   . 


• Decreases fluorescence, purely 
quantum. 


• Exponentially suppressed by path 
length   :  

M. Marklund

No fluorescence Fluorescence

` ⇠ exp(�`/L)

* Dexter, J. Chem. Phys. 21, 836 (1953)

`



Idea

• Probability of one emitted photon:        
where    is the pulse length and    is the 
pulse intensity. 


• Growing function of    and   .


• Probability of zero emitted photons:*


• Exponentially suppressed by pulse length.


• Motion without emission     motion 
according to Lorentz force, non-radiative.


• We take steps of increasing complexity.

M. Marklund

Intro Classical/quantum Quenching Observation Outro

Classical motion in strong fields

Accelerated particles radiate.

Must lose energy.

e�

e�

‘Radiation reaction’: just momentum conservation

Lorentz (1909), Abraham (1905), Dirac, Proc. Roy. Soc. London A 167 (1938) 148

P1(⌧, I)
⌧ I

P0 = exp(�P1)

$

⌧ I

*Yennie et al., Ann. Phys. (N.Y.) 13, 379 (1961)
*Ritus, J. Sov. Laser Res. 6, 497 (1985)  

We therefore look at 
short pulses!



1D electron motion
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Half%Cycle% One%Cycle%

• Motion without emission     motion according to 
Lorentz force. Single electron motion.

$

Direction of electron motion

Top panel shows electron (420 MeV) 
trajectories in a collision with a laser pulse 
(a0 = 200) for 1000 single electron QED 
simulations. Left panel is for a 1.4 fs pulse, 
right is for a 2.7 fs pulse. 

Lower panel shows energy loss when the 
electrons pass through the pulse. Clear signal 
of quantum behavior in such an ideal case. 
Purple curves show shows classical radiation
reaction.



Quantum quenching
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• Short pulse difficult. Effect also present for longer pulses, but 
suppressed. 


• Solution:


- Slit to sort out particles pushed by ponderomotive or tight 
focusing effects. 


- Magnet fans particles in y-direction according to energy. 


- Tight focusing: electrons in focus       larger x.      

M. Marklund

Laser 
polarisation



Final spatial electron distribution
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• Towards ”realistic” electron bunch. 

Laser 
polarisation The electron bunch initially had Gaussian

distributions in energy, 420 ± 0.35 MeV, and 
2 μm FWHM. Laser intensity 200, focal 
spotsize 5 μm. One cycle: 2.7 fs. 

SymmetricAsymmetric

Stochastic
spread*

Undeflected,
quenched (bright spot)

*Green and Harvey, Phys. Rev. Lett. 112, 
164801 (2014).



Suggested experimental setup
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• Short pulse difficult. Effect also present for longer pulses, but 
suppressed. 


• Solution:


- Slit to sort out particles pushed by ponderomotive or tight 
focusing effects. 


- Magnet fans particles in y-direction according to energy. 


- Tight focusing: electrons in focus       larger x.      

M. Marklund

Laser 
polarisation



Simulated lanex screen
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• Lanex screen simulations using 3D QED-PIC ELMIS3D.*

*Gonoskov et al., Phys. Rev. E 92, 023305 (2015)

𝐵
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• Close to centre: large deviation in 
x-direction, due to right focusing.

• Large energy loss: spread in y-
direction.

• Small energy loss: left side of 
lanex, spread in x-direction.

• Slit removes spurious electrons in 
y-direction (e.g., by ponderomotive 
spread). 

Laser: a0 = 50 (50 TW, f/1), 820 nm. 
Magnet: 0.32 T magnet,  1 m behind slit.
Electrons: 100 MeV (0.1% spread).
Lanex: 50 cm behind magnet, 45° angle.



Simulated lanex screen
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• Lanex screen simulations using 3D QED-PIC ELMIS3D.*

*Gonoskov et al., Phys. Rev. E 92, 023305 (2015)
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• Close to centre: large deviation in 
x-direction, due to right focusing.

• Large energy loss: spread in y-
direction.

• Small energy loss: left side of 
lanex, spread in x-direction.

• Slit removes spurious electrons in 
y-direction (e.g., by ponderomotive 
spread). 

Laser: a0 = 50 (50 TW, f/1), 820 nm. 
Magnet: 0.32 T magnet,  1 m behind slit.
Electrons: 100 MeV (0.1% spread).
Lanex: 50 cm behind magnet, 45° angle.



Pulse length
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• Because of slit and magnet fanning, can relax pulse conditions.


• Even with 16 cycles, we obtain approx. 2% quenching.



Conclusions

M. Marklund

• Interesting to test fundamental aspects of photon 
emission and electron motion.


• No classic analogue. 


• Surprising (?) possibility to switch radiation reaction off 
in the quantum regime. 


• Deeper understanding of electron dynamics in strong 
fields.


• Energy loss depends on carrier-envelope phase; 
possibility to probe properties of laser pulse?


• Tight focusing: pair production setup even for 50 TW?



Probability distribution for quantized emission

M. Marklund

• Probability of zero emitted photons: P0 = exp(�P1)

(a) One-cycle pulse probability as a function of a0 and
the electron energy. The laser has wavelength 820 nm
and spot size 5 µm. Radiation dominated regime where
significant recoil is expected (thus no prob for zero 
energy, zero intensity).

(b) Probability of energy loss. Electron energy is 420 
MeV, a0 = 200. High probability for zero energy loss 
for short pulses can be seen in the QED case.

Pair production 
important


